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K. J. HARRISON AND W. E. LONGSTAFF

ABSTRACT. Let C(H) denote the lattice of all (closed) subspaces of a com-

plex, separable Hubert space H. Let (AC) be the following condition that a

subspace lattice 7 Ç C(H) may or may not satisfy:

(AC) 7 = 4>(L) for some lattice automorphism <f> of C{H)

and some commutative subspace lattice £ Ç C{H).

Then 7 satisfies (AC) if and only if 7 Ç 8 for some Boolean algebra subspace

lattice B Ç C(H) with the property that, for every K, L G B, the vector

sum K + L is closed. If 7 is finite, then 7 satisfies (AC) if and only if 7

is distributive and K + L is closed for every K,L € 7. In finite dimensions

7 satisfies (AC) if and only if 7 is distributive. Every 7 satisfying (AC) is

reflexive. For such 7, given vectors x,y £ H, the solvability of the equation

Tx = y for T G Alg 7 is investigated.

1. Preliminaries. Throughout this paper H will denote a complex, separable,

nonzero Hubert space. The inner product on H is denoted (• | •). Let B(H)

denote the set of (bounded, linear) operators acting on H and, for T G B(H), let

R.(T) denote the range of T. Let C(H) denote the set of (closed) subspaces of H.

By a lattice of subspaces of H is meant a subset 7 Ç C(H) which is closed under

intersections and closed linear spans, i.e., M, N G 7 implies MON G 7 and M\lN G

7■ A lattice of subspaces 7 is complete if f) Ma G 7 and \J Ma G 7 for every family

{Ma} of elements of 7; it is commutative if PkPl = PlPk for every K,L G 7 (Pk

denotes the orthogonal projection with range K). A subset 7 Ç C(H) is strongly

closed if {Pk-K G 7} is closed in the strong operator topology. By a subspace

lattice on H is meant a complete lattice of subspaces containing (0) and H. As

usual, for any subset 7 Ç C(H) we let Alg J = {T G B(H):TM Ç M for every

M G 7} and let Lat .4 = {N G C(H):TN Ç N for every T G A} for any subset

A ç B(H). The subset 7 Ç C(H) is called reflexive if 7 = Lat Alg / and transitive
if Lat Alg 7 = C(H). An automorphism <f> of C(H) is a bijection of C(H) onto itself
satisfying M C N if and only if <j>(M) Ç </>(N). Every automorphism <f> satisfies

<p(f)Ma) = f)(j)(Ma) and <t>(\JMa) = \J<t>(Ma) for every family {Ma} Ç C(H).
The image <f>(£) of a subspace lattice £ under an automorphism <p of C(H) is

obviously a subspace lattice. If S G B(H) is invertible, M —► S M (M G C(H))

defines an automorphism. The image of any subset 7 Ç C(H) under this automor-

phism will be denoted S7. Much is known about commutative subspace lattices

(for example, see [1, 6]). It is easy to show that commutativity is not preserved by

automorphisms. (For example, let H = K © K, L = {(0), K 8 (0), (0) © K, H), and

let 4> be the automorphism induced by the invertible operator 5 G B(H) defined
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by S(x,y) = (x + y,y), so that <¡>:M -> SM(M Ç C(H)).) Denote by (AC) the
following condition that a subspace lattice 7 Ç C(H) may or may not satisfy:

(AC) 7 — 4>(ù) for some lattice automorphism <j> of C(H)

and some commutative subspace lattice t on H.

Every commutative subspace lattice on H is reflexive. It is shown in [9] that, if

H is infinite-dimensional, automorphisms of C(H) preserve reflexivity (and tran-

sitivity). This result is extended to finite-dimensional spaces below. Thus every

subspace lattice satisfying condition (AC) is reflexive. A subspace lattice 7 is called

distributive if K n (L V M) = (K n L) V (K n M) holds for every K,L,M G 7.
It is well known that commutative subspace lattices are distributive. Clearly, if

7 satisfies (AC), then 7 is distributive. We show that the converse is true in fi-

inte dimensions. A subspace lattice S is complemented if, for every K G B, there

exists an element K' G B such that K n K' = (0) and KvK' = H. Call S a
Boolean algebra if it is complemented and distributive. In Boolean algebras, the

complement K' of any element K is unique. It is shown that a subspace lattice

7 satisfies (AC) if and only if 7 Ç S for some Boolean algebra subspace lattice B

with the property that, for every K,L G B, the vector sum K + L is closed. Also,

a finite subspace lattice 7 satisfies (AC) if and only if 7 is distributive and K + L

is closed for every K,L G 7. We conclude with an investigation of the solvability

of the equation Tx = y for T G Alg 7, where x, y are given vectors and J is a given

subspace lattice satisfying (AC). Most of the results, notation and terminology we

use concerning abstract lattices can be found in [7].

2. Main results. We begin by briefly describing a Boolean notion, applicable

to subspaces, that has been studied by several authors in connection with the theory

of spectral operators (see [8]). A Boolean algebra of projections in H [8, p. 1928] is

a family Q of commuting bounded idempotents on H, containing 0 and 1, with the

property that Q contains EF, E + F — EF and 1 — E whenever it contains E and F.

A Boolean algebra Q of projections [8, p. 2195] is bounded if there exists c > 0 such

that \\E\\ < c for every E G Q, and Q. is complete if, for every family {Ea} Ç Q,

there exist elements E, F G Q. such that \j k(Ea) = H(E) and f| R(Ea) = Z(F).

PROPOSITION 1. If Q is a complete Boolean algebra of projections in H, then

B = {R(E):E G Q} is a Boolean algebra subspace lattice on H in which all vector

sums are closed, i.e., K + L is closed for every K,L G B. Conversely, if B is

a Boolean algebra subspace lattice on H in which all vector sums are closed, then

Q = {QK:K G B}, where Qk denotes the (not necessarily orthogonal) projection

onto K along its complement K', is a complete Boolean algebra of projections in

H.

PROOF. First, let B = {Z(E):E G Q} with Q a complete Boolean algebra of

projections. Clearly S is a subspace lattice. Since Z(E)+Z(F) = H(E+F-EF) for

every E,F G Q, all vector sums in B are closed. Since also R(E) n R(F) = Z(EF),

B is complemented and distributive.

Conversely, let S be a Boolean algebra subspace lattice on H in which all vector

sums are closed. Let Q = {Qk- K G B}, where Qk denotes the projection onto K

along K'. Let K,LgB and let xGH. Then (1 - Qkhl)x G (K n L)' = K'+ V,
so QkÍ1-Qkhl)x = Qk y for some y G L'. But Qk{1 -Qkdl)x = y- (1 ~Qk)v
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shows that

Qk(1 - Qkc\l)x GKn(L' + K') = (K n L') + (Kf)K') = Kn V.

Thus QLQK(l - Qk<il)x = 0. Hence QLQK(1 - Qkhl) = QlQk - Qkhl = 0, so
Q is commutative. Clearly 0,1 G Q. UK,LgB, then Qk + Ql~ QkQl = Qk+l
since Qk + Ql - QkQl and Qk+l are commuting idempotents with the same

ranges. Since also 1-Qk = Qk1 for every K G B, it now follows that Q is a Boolean

algebra of projections. For every family {Ka} Ç B,\f Z(QKa) = \f Ka = Z(QvKa)

and Ç\HiQKa) = Ç)Ka = R(QnKa), so Q is complete. This completes the proof.

The following definition provides a measure of the "(cosine of the) angle between

two subspaces".

DEFINITION. For noncomparable subspaces M, N of H define

a(M, N) = sup{|(x|y)|: ||x|| = \\y\\ = 1, xgMqMDN, yGNQMnN}.

Clearly 0 < a(M, N) < 1 and a(M, N) = 0 if and only if M Q M n N and
N 6 M Pi N are orthogonal. It is easy to show that a(M, N) < 1 if and only if the

vector sum M + N is closed. Note that ||x-|-?/||2 > (1-a(M,N))(\\x\\2 + \\y\\2) for

every leAfeMilJV and every y G N Q M n N.

LEMMA 2. Let H be infinite dimensional and let <f>: C(H) —► C(H) be an auto-

morphism. There exists a > 1 such that, for every pair of subspaces M,N G C(H)

satisfying M ¿ (0), N ¿ (0), M D N = (0),

a(<KMU(N))<<a-í + a{M>N^1/2

1/2

^a + í-a(M,N)

and

(a-l + aiWUiN))\

PROOF. By a result of [9], there exists a bicontinuous, linear or conjugate

linear, bijection S:H —► H such that <t>(K) = SK for every K G C(H). Let
a = ¡ISpHS-1!!2. Let M,N G C(H) be nonzero and satisfy M HN = (0).

Let x G M and y G N satisfy ||5x|| = \\Sy\\ = 1 and put "y = (Sx\Sy). Then

||5x - ~fSy\\2 = 1 - |-y|2. If S is linear, then

||x - iy[[2 = WS-HSx - 75y)||2 < {[S-ifWSx - ^Sy]]2,

so

l-\l\2>(l/\\S-l\\2)[\x-iy\\\

If S is conjugate linear,

II* -ïvïï2 = \\s-HSx - 75t/)||2 < lis-1!!2!!^ - 7sy||2,

so

i-W!,>(i/lls"1lla)ll*-'»llà.
Since ||ti + u||2 > (1 -a(M,N))(\\u[\2 + ||v||2) for every u^m,v G N we obtain

1 - hl2 > ïï^rp(l - a(M,N))(\\x\\2 + hHlt/ll2)
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whether S is linear or conjugate linear. Since 1 = ||5x|| < ||5|| ||x|| and 1 = \\Sy\\ <

||51| ||y||, it follows that

From this,

Thus,

l-\1\2>(l/a)(l-a(M,N))(l + [1[2).

a-l + a(M,N)
\iSx\Sy)\2 = |7|

a(4>(M),cf>(N))<

- a+l-a(M,N)'

a-l + a(M,N)\1/2

+ l-a(M,N)t

and the other inequality follows by applying this to 0-1.

Notice that every automorphism <j>: C(H) —► C(H) preserves closed vector sums

in the sense that, if M, N G C(H) and M + TV is closed, then ¡j>(M) + <f>(N) is also
closed. Indeed, if dim H < oo the result is obvious. If H is infinite dimensional, the

result can be obtained as a consequence of the preceding lemma using the fact that,

for incomparable subspaces K and L, K + L is closed if and only if a(K,L) < 1.

Alternatively, the result in this case follows almost directly from the fact that <f> is

spatially induced by a bicontinuous, linear or conjugate linear, bijection S:

4>(M) + <j>(N) = SM + SN = S(M + N) = S(M V N) = 4>(M V N).

THEOREM 3. Let B be a Boolean algebra subspace lattice on H. The following

four conditions are equivalent.

(1) S = S£ for some invertible operator S G B(H) and some commutative

subspace lattice L on H.

(2) B satisfies (AC).
(3) There exists b G [0,1) such that a(M,N) < b whenever M,N G B and

M / (0), TV ¿ (0), M n TV = (0).
(4) For every K,L G B, K + L is closed.

PROOF. Obviously (1) implies (2) since the map M -> SM (M G C(H)) is an

automorphism.

Suppose (2) is true. If dimP < oo, then S is finite since every distributive

lattice of finite length is finite [7, Theorem 148]. Since a(M,N) < 1 for every

pair of incomparable elements M,N G B, (3) is true. Now suppose H is infinite

dimensional and let B = 4>(Z) with cf> an automorphism and L a commutative

subspace lattice. Let M,N G B satisfy M ^ (0), TV ̂ (0) and M n N = (0). Let
Mo = 4>-l(M) and 7V0 = ^-1(^)- Then M0,N0 G L and M0 ^ (0), TV0 ̂ (0).

Since the orthogonal projections with ranges Mo and TVq commute and Mo n TVo =

(0), M0 is orthogonal to TV0. Thus q(M0,TV0) = 0 and by Lemma 2, a(M, TV) <

((a-l)/(a+l))1/2, where a > 1 depends only on <j>. Taking b = ((o-l)/(o+l))1/2,

(3) is true.

Suppose (3) is true. Let K,L G B. UK and L are comparable, then K + L

is closed. Suppose K, L are noncomparable. Then K ^ (0), L n K' ^ (0) (since

L = (L n K') V (L n K)) and Kn(LnK') = (0), so a(K, LnK')<b<l. Thus
K +(L(1 K') is closed. Now

K + (L n K') = K V (L n K') = (K V L) n (K V K') = K V L,
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so K V L Ç K + L. Hence K + L = K V L, and (4) is true.

Finally, suppose (4) is true. In particular, K + K' is closed for every K G B.

For each K G B let Qk denote the (not necessarily orthogonal) projection onto

K along K'. By Proposition 1,0. = {Qk'-K G B} is a complete Boolean algebra

of projections in H. By Theorem 2.2 of [3] (see also [8, p. 2196]), Q is bounded.

By Lemma 2 of [8, p. 1947], there exists an invertible operator S G B(H) such

that S~1QkS is an orthogonal projection operator for every K G B. Clearly,

S~xQkS = Ps-ik and t = S~1B is a commutative subspace lattice. Since

B = St, (1) is true. This completes the proof. The following result is a consequence

of Lemma 6 of [8, p. 2199].

LEMMA 4 (W. G. BADE [2]). A complete Boolean algebra of projections in

H contains every idempotent operator in the weakly closed algebra it generates.

As a consequence we have the following result, in which 21' denotes the commu-

tant of 21.

PROPOSITION 5. 7/21 C B(H) is an abelian von Neumann algebra, then

B = Lat 21' is a commutative Boolean algebra subspace lattice on H and every

commutative Boolean algebra subspace lattice on H arises in this way.

PROOF. First, let S = Lat 21' with 21 Ç B(H) an abelian von Neumann algebra.

It is easy to show that S is a subspace lattice. Since M G B if and only if Pm G 21,

B is commutative and so distributive. Also M G B implies M1 G B, so B is

complemented.

Conversely, let S be a commutative Boolean algebra subspace lattice on H. We

show that B = Lat21', where 21 = {Pk'-K g B}" is the von Neumann algebra

generated by {PK:K G B). Now 21' = {PK:K G B}', and it is clear that S Ç

Lat 21'. Let M G Lat 21'. Then PM G 21. For every K,LgB,Pk + Pl~ PkPl is
an orthogonal projection with range K + L, so K + L is closed. Also, K' = K1-

for every K G B. By Proposition 1, {Pk- K G B} is a complete Boolean algebra of

projections in H. Since 21 is the weakly closed algebra generated by {Pk- K G B),

Pm G {Pk-K G B) by Lemma 4. Hence M G B and S = Lat 21'. This completes
the proof.

COROLLARY 5.1. Every commutative Boolean algebra subspace lattice on H is

reflexive.

PROOF. For any subset A Ç B(H), Lat A is reflexive [10].

COROLLARY 5.2. Every commutative subspace lattice on H is included in some

commutative Boolean algebra subspace lattice.

PROOF. Let t be a commutative subspace lattice on H. Let 21 = {Pk: K G t}"

be the von Neumann algebra generated by {Pk'- K G t}. Then 21 is abelian and

clearly t Ç Lat 21'.

Since H is separable, the preceding corollary can be proved by using Arveson's

representation theorem for commutative subspace lattices [1, Theorem 1.3.1]. By

this theorem, if £ is a strongly closed commutative subspace lattice on H, there

exist a compact metric space X, a finite positive Borel measure m on X and a

unitary mapping U:H —> L2(X,m) such that Ut Ç B, where S is the strongly

closed commutative Boolean algebra subspace lattice on L2 (X, m) consisting of the
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ranges of those orthogonal projections PE: L2 —> L2, where P is a Borel subset of X

and Pe is multiplication by the characteristic function \e of E. In [10] it is shown

that, whether H is separable or not, every strongly closed lattice of subspaces of

H is complete. We now use the above-mentioned representation theorem to point

out that the converse is true, on a separable space, for commutative lattices.

PROPOSITION 6. LetX be a compact metric space and let m be a finite, positive

Borel measure on X. Let B be the strongly closed Boolean algebra subspace lattice

on L2(X,m) consisting of the ranges of multiplications by characteristic functions

of Borel subsets of X. Every complete lattice 7 of subspaces of L2(X,m) satisfying

7 Ç B is strongly closed.

PROOF. Since L2(X,m) is separable, it is enough to show that if (Pn)T is

a sequence of orthogonal projections, with Z(Pn) G 7 for every n > 1, which

converges strongly to an operator T, then T is an orthogonal projection and k(T) G

7. Clearly T must be an orthogonal projection, and since B is strongly closed,

H(T) G B. Let Pn be multiplication by the characteristic function of the Borel set

En, and let T be multiplication by the characteristic function of the Borel set E.

Since m is finite, the constant function 1 belongs to L2 (X, m) and since Pn ^ T

strongly,

||(P„ - T)l||2 = j \XEn - Xe? dm = m(EnAE) ^ 0    as n -> oo.

By passing to a subsequence if necessary, we may assume that m(EnAE) < 2~n,

n > 1. Put Pqo = f]„°=x UfcLn Ek and let Pe^ denote multiplication by the char-

acteristic function of Poo- Since 7 is complete, ^.(Pe^) £ 7. But m(EocAE) = 0,

so Pevo — T. Thus Z(T) G 7, and the proof is complete.

COROLLARY 6.1. Every commutative complete lattice of subspaces of a com-

plex separable Hubert space H is Strongly closed. In particular, every commutative

subspace lattice on H is strongly closed.

PROOF. Let £ be a commutative complete lattice of subspaces of H. We

can assume that (0), H G t- If ~t denotes the set of subspaces M oî H for

which Pm belongs to the strong closure of {P^:N G t}, then Z is a commutative

strongly closed subspace lattice on H. By Arveson's representation theorem, there

exist X, m and S as in the statement of the proposition and a unitary mapping

U:H —> L2(X,m) such that Ut Ç P. By the proposition, Ut is strongly closed,

so Ut = U~t. Thus t =t, and the proof is complete.

By Theorem 1.6.3 of [1], it now follows that every commutative subspace lattice

on H is reflexive. Corollary 5.1 is a special instance of this.

PROPOSITION 7. Let 7 be a subspace lattice on H. Then 7 satisfies (AC) if

and only if 7 Ç B for some Boolean algebra subspace lattice on H satisfying (AC).

PROOF. Suppose first that 7 = 4>(t) for some automorphism <f> and some

commutative subspace lattice t- By Corollary 5.2, t Ç Bo for some commutative

Boolean algebra subspace lattice Bo- Thus 7 Ç B = 4>(Bo).

Conversely, suppose 7 Ç B where B = 4>(Bo) is a Boolean algebra subspace

lattice, (p is an automorphism and So is commutative. Then 7 = 4>(t), where

t = <f)~1(7) Ç So is a commutative subspace lattice.
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COROLLARY 7.1. Let 7 be a subspace lattice on H. The following conditions

are equivalent.

(1) 7 = St for some positive invertible operator S G B(H) and some commu-

tative subspace lattice t on H.

(2) 7 satisfies (AC).
(3) 7 Ç B for some Boolean algebra subspace lattice B on H with the property

that K + L is closed for every K,L G B.

PROOF. Obviously (1) implies (2). Also, (2) and (3) are equivalent by Theorem

3 and Proposition 7. We now show that (2) implies (1). Suppose (2) is true. By

the proposition 7 Ç S for some Boolean algebra subspace lattice satisfying (AC).

By Theorem 3, there exists an invertible operator T G B(H) such that T~~1B is

commutative. Let T* = US be the polar decomposition of T*. Then U is unitary

and S is positive and invertible. Now 7 = St, where t = S~17 = U*(T-X7) Ç

U*(T_1B) is commutative. The proof is complete.

The characterization of (AC) provided by the equivalence of conditions (2) and

(3) of the preceding corollary is somewhat unsatisfactory because condition (3) is

not intrinsic to 7. If J is a Boolean algebra, Theorem 3 provides an intrinsic

necessary and sufficient condition for (AC). Intrinsic characterisations of (AC) can

also be found if 7 is finite or if H is finite dimensional, as we now show.

THEOREM 8. A finite subspace lattice 7 on H satisfies (AC) if and only if 7
is distributive and K + L is closed for every K,L G 7.

PROOF. Let 7 be a finite subspace lattice on H. If 7 satisfies (AC), then 7 is
distributive and K + L is closed for every K,L G 7, by Corollary 7.1.

Conversely, suppose 7 is distributive and K + L is closed for every K,L G 7.

We show that 7 Ç S for some Boolean algebra subspace lattice S on H with

the property that K + L is closed for every K, L G S. Then 7 satisfies (AC)

by Corollary 7.1. Let KX,K2, ■.. ,Kn be the nonzero join-irreducible elements of

7. For j = 1,2,..., n let P° be the unique element of 7 covered by Kj and put

Hj = Kj e P°. For each nonzero element M G 7 set fi(M) = {j: Kj Ç M}.

Then [7, Theorem 147] the cardinality of Q(M) is the height of M in 7 and M =
\J{K3:j G fi(M)}. Call a finite set of subspaces {NX,N2,..., Ng} of H a basis for

the subspace TV of H if TV, Ç TV, j = 1,2,..., s, and every vector x G TV has a

unique representation x = Xw=i *j wi*^ xi e Nj, 3 = 1,2,. -., «. We show that,

for every nonzero subspace M G 7, {Hj:j G Cl(M)} is a basis for M. The proof is

by induction on the cardinality of fi(M).

Suppose cardfi(M) = 1. Then M = Km for some 1 < m < n and K^ = (0).

Thus Hm = Km = M and {Hm} is clearly a basis for M.

Now suppose {Hj-.j G fí(TV)} is a basis for TV whenever cardfi(TV) < fc, and

suppose cardfi(M) = fc + 1. Now M = \J{Kj-.j G fi(M)}, so Hj Ç M for every

j G Í7(M). Let TV be any element of 7 covered by M. Since the height of TV
is one less than that of M, cardfi(TV) = fc and fi(M) = fi(TV) U {t} for some

í G {1,2,..., n} for which Kt % TV. Since Kt + TV = M covers TV, it follows that

[7, Theorem 91] Kt covers Kt n TV. Thus Kt n TV = üTt°. Let x G M. There are
unique vectors y G Ht and z G TV such that x = y + z. By the induction hypothesis

z has the unique representation z = YHzi'-J e ^(-^0} vvith z3 G Hj, j G fi(TV). It

follows that x = y+ Y^{zj'-j gVI(N)} is the required unique representation of
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H®H®H®H

M

(0)

FIGURE 1

x. Thus {Hj-.j G fi(M)} is a basis for M, and by the principle of induction this is

true for every nonzero element M of J.

In particular, since U(H) = {1,2,... , n}, each vector x G H has a unique rep-

resentation x = X^?=i xj with xj £ Hj, j = 1,2,..., n. Consider the map T from

the direct sum HX®H2@--- ®Hn into H defined by T(xi,x2,... ,xn) = J21=x xr

This T is linear, bijective and bounded, so by the Open Mapping Theorem, T_1 is

bounded. Thus there is a constant c > 0 satisfying

|2
n

E
3=1

< C E
3 = 1

for any Xj G Hj, j = 1,2,..., n.

For j = 1,2,..., n define Qj: H —> P by Q¿x = Qj(Z)fc=i xfc) = *i- Then each
Qj is linear, idempotent and because of (*), bounded. Also QjQh = 0 if j' ^ fc,

and X^?=i Qj = 1- For each subset £ Ç {1,2,... , n} define Q¿ = J2iQj:J e £}>
with Q^, = 0 and define M£ = R(Qe). The set Q = {Qe:£ Q {l,2,...,n}} is a
complete (finite) Boolean algebra of projections, so by Proposition 1, S = {M¿: Í Ç

{1,2,..., n}} is a (finite) Boolean algebra subspace lattice on H with the property

that K + L is closed for every K,L G B.

Finally we note that 7 Ç B, since for every nonzero subspace M G 7 we have

M = Mfi(jvf). This completes the proof.

COROLLARY 8.1. Let H be finite dimensional. A subspace lattice 7 on H

satisfies (AC) if and only if it is distributive.

PROOF. All vector sums are closed in finite dimensions. If 7 satisfies (AC) it

is distributive by Corollary 7.1. Conversely, if 7 is distributive then 7 is finite [7,

Theorem 148]. Hence 7 satisfies (AC) by the above theorem.

Note that, unlike the case for a Boolean algebra, for a finite distributive subspace

lattice 7 on H the condition "there exists b G [0,1) such that a(M, N) <b whenever
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M,TV G 7 and M ^ (0), TV ̂ (0), M n TV = (0)" is not equivalent to 7 satisfying
(AC). This condition is necessary for (AC), since 7 has closed vector sums if it

satisfies (AC), but not sufficient, as the following simple example shows.

EXAMPLE. Let H be infinite dimensional. Let A G B(H) be an injective

operator with dense but nonclosed range. Define the subspaces J, K, L, M, TV of

H®H®H®H by J = H ®H ® H ® (0), K = H ® H © (0) © (0), L =
{(x, y, z, Az): x,y,z G H}, M = H® (0) ® (0) ® (0), TV = (0) © H ® (0) ® (0). Then
7 = {(0), J,K,L,M,N,H®H®H®H} is a finite distributive subspace lattice on
H ® H ® H ® H. Figure 1 is a labelled Hasse diagram of 7.

Since M and TV are orthogonal, a(M, TV) = 0. However, J + L is not closed,

since if x £ Z(A) then (0,0,0, x) £ J + L. Thus 7 cannot satisfy (AC).

As noted earlier, every commutative subspace lattice on H is reflexive. It follows

that every subspace lattice 7 on H satisfying (AC) is reflexive. For, by Corollary

7.1, if 7 satisfies (AC), then 7 = St for some (positive) invertible operator S G

B(H) and some commutative subspace lattice t. Thus Alg 7 = S(Alg £)S_1 and

Lat Alg J = S (Lat Alg t) = St = 7. It is shown in [5] that not every Boolean
algebra subspace lattice on a Hubert space is reflexive, and the author asks if every

strongly closed Boolean algebra subspace lattice is reflexive. A partial answer is

furnished by Theorem 3 and the fact that every reflexive subspace lattice on a

Hubert space is strongly closed [10]: Every Boolean algebra subspace lattice S

on H with the property that K + L is closed for every K, L G B is reflexive and

strongly closed. In [9] it is shown that if H is infinite dimensional (not necessarily

separable) every automorphism <¡> of C(H) preserves the property of being strongly

closed; i.e., 7 Ç C(H) strongly closed implies <j>(7) is. This is not true in finite

dimensions.

EXAMPLE. Let 2 < dimP < oo. For any vector z G H let (z) denote the linear

span of {z}. We will use the fact that if z, zx,Z2, z%,... are nonzero vectors of P,

then P(z„) —* P(z) strongly if and only if there exists a sequence (Mn)ï° of scalars

such that /in2n/||zn|| —* z/lkll- Let {ex,e2, ■ ■ ■ ,em} be a basis of P. Let r be a

discontinuous field automorphism of C. Define S: H —» H by Sx = S(Y^T=X Oíjt3) =

Y^jLi T(aj)ej- Then 5 is an additive bijection and S(ax) = r(a)Sx for every

x G H and every scalar a. The map 4>: C(H) —> C(H) defined by <j>(M) = S M

is an automorphism of C(H). Let / G P be a nonzero vector and let (A„)i°

be a sequence of nonzero complex numbers satisfying Xn —+ 0, r(Xn) -^ 0. Now

<j){f) ̂  H, so there exists a unit vector Se such that (Sf\Se) = 0. Now e + Xnf —► e

and e + Xnf (n > 1) and e are nonzero. Thus P(e+xnf) —* P(e) strongly. Suppose

that P<t>(e+xnf) —> P/,(e> strongly. Then there exists a sequence (pn)T ol scalars

such that pnS(e + An/)/||S(e + An/)|| —> Se. Taking inner products with respect

to Se gives /¿„/||S(e + An/)|| -* 1. Thus S(e + A„/) = Se + r(Xn)Sf 7* Se, so
•r(An) —► 0. This is a contradiction, so (P<¿(e+A„./'))ÍC does not converge strongly

to P</,(e)- Hence the automorphism cf> of C(H) is not continuous in the induced

strong operator topology (for every subspace M, identity M with the orthogonal

projection Pm)i and so its inverse </>-1 is an automorphism which does not preserve

the property of being strongly closed.

It is also shown in [9] that if H is infinite dimensional (not necessarily separable)

every automorphism <p of C(H) preserves reflexivity and transitivity. It may be of

some interest to note that this is true in finite dimensions as well.
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PROPOSITION 9. Let H be finite dimensional and let <j> be an automorphism

of C(H). For every nonempty subset 7 Ç C(H), Lat Alg 0(7) = 0(LatAlgJ).
Consequently 7 is reflexive (respectively, transitive) if and only if 4>(7) is.

PROOF. First suppose that 3 < dimP < oo. By the First Fundamental Theo-

rem of Projective Geometry [4, p. 44], there exists a bijection S:H —> H and a field

automorphism t of C satisfying S(x + y) = Sx + Sy for every x, y G H and S(Ax) =

r(A)Sx for every x G H and A G C, with the property that <f>(M) = SM for every

M G C(H). The map S'^.H -> P is additive and S~1(Xx) = r"1(A)S"1x for ev-

ery x G H and every A G C. It is not difficult to verify that Alg <p(7) = S (Alg 7)S~1

and that Lat Alg (¡>(7) = S(LatAlg 7) = 0(LatAlg 7) for every nonempty subset

7CC(H).
If dimP = 1, LatAlg0(J) = .¿(Lat Alg 7) = {(0),P). Finally, suppose dimP

= 2. For any nonempty subset Ç ÇC(H), Lat Alg Q is

(i)       {(0), H}    if Ç contains no element different from (0), H,

(ii)      {(0), M, H}    if § contains precisely one element M / (0), H,

(ni)     {(0), M, TV, H}    if Q contains precisely two elements M, TV ̂  (0), H,

(iv)     C(H)    if Q contains more than two elements different from (0), H.

From this, Lat Alg 0(7) = 0(Lat Alg 7) for every nonempty subset 7 Ç C(H).

3. The equation Tx = y. Let J be a subspace lattice on H and let x, y G H.

The condition

(t) there exists c > 0 such that, for every K G 7,

\\(l-PK)y\\<c\\(l-PK)x\\,

is necessary for the existence of an operator T G Alg 7 satisfying Tx — y. For, if

such a T exists and K G 7, then

||(1 - PK)y\\ = ||(1 - Pk)T*|| = 11(1 - PK)T(1 - PK)x\\ < \\T\\ ||(1 - PK)x\\.

Condition (t) is not sufficient for Tx = y to have a solution T G Alg 7, even when

J is a very simple finite Boolean algebra.

EXAMPLE. Let H be infinite dimensional. Let A G P(P) be an injective op-

erator with dense but nonclosed range. Let 7 be the finite Boolean algebra sub-

space lattice on H ® H with elements (0),P © P,G(0) = {(£,0):£ G P} and
G(A) = {(£,A£):£ G H}. Let x = (0,An) with n ¿ 0 and let y = (0,c) with c

not in the range of A. Condition (f) is satisfied since neither of ||(1 - Pg(o))*II>

||(1 — Pg(>i))x||, ||x|| is zero. However, there does not exist T G Alg J such that

Tx = y. For let T G Alg7. Then T = [* £], with X,Y,Z G B(H) satisfying
Y A = A(X + ZA). Thus Tx = (ZAn, A(X + ZA)n). Since A(X + ZA)n belongs
to the range of A, we cannot have Tx = y.

Recently, it has been shown [11] that condition (t) is also sufficient for the

existence of T G Alg 7 satisfying Tx = y, provided that 7 is commutative.

PROPOSITION 10. Let 7 be a finite distributive subspace lattice on H with the

property that K + L is closed for every K,L G 7. Let x,y G P. There exists an

operator T G Alg 7 such that Tx = y if and only if condition (}) is satisfied.

PROOF. By Theorem 8 and Corollary 7.1, 7 — St for some (positive) invertible

operator S G P(P) and some commutative subspace lattice t on P. Now Alg 7 =



AUTOMORPHIC IMAGES OF LATTICES 227

S (Alg £)S_1, and clearly, Tx = y has a solution T G Alg 7 if and only if AS~1x =

S_1t/ has a solution A G Alg t. By the theorem of [11], there exists such an A if

and only if there exists c > 0 such that

||(1 - Ps-ik)S-12/|| < c||(l - Ps-^S^xll    for every K G 7.

Since 7 is finite, such a c exists if and only if K G 7 and (1 - Ps-ik)S_1x = 0

implies (1 - Ps-¡K)S~1y = 0. The latter is equivalent to y G (~){K G 7: x G K},

which is, in turn, equivalent to condition (f). This completes the proof.

PROPOSITION 11. Let B be a Boolean algebra subspace lattice on H with the

property that K + L is closed for every K,L G B. Let x,y G P. There exists

T G Alg S satisfying Tx = y if and only if there exists c > 0 such that, for every

K G B, ||(1 - <3jf)y|| < c||(l - Q/c)*ll (where Qk denotes the projection onto K
along its complement K').

PROOF. Suppose first that Tx = y has a solution T G Alg S. Let K G B- Then

TKÇK and TK' Ç K' gives TQK = QkT- Thus

11(1 - Qk)v\\ = 11(1 - Qk)Tx\\ = ||T(1 - QK)x\[ < \\T\\ ||(1 - QK)x\\,

so we may take c = ||T||.

Conversely, suppose such a c > 0 exists. By Theorem 3, S = St for some

invertible operator S G P(P) and some commutative subspace lattice t on P. For

every K G S, S^QkS = Ps-iK, $-»(1 - Qk)S = 1 - Ps-^k and

||(i - Ps-^s-^l = ns-^i - Q*)y|| < lis-1!! Il(i - Qk)v\\
< \\S-l\\c\\(l - QK)x\\ < WS-'WcWSW \\S-Hl - Qk)x\\

= (c||S||||S-1||)II(1-Ps-1k)S-1*I|.

By the theorem of [11], there exists A G Aigu such that AS~1x = S~1y. Then

T = SAS*1 G Alg S and Tx = y. This completes the proof.

ADDENDUM. After the completion of this manuscript it came to the authors'

attention that two recent preprints contain some intersection with the results pre-

sented here. Theorem 4.3 of Perturbations of finite dimensional operator algebras

by M. D. Choi and K. R. Davidson is essentially our Corollary 8.1. Also, Proposi-

tion 1.2 of Perturbations of reflexive operator algebras by K. R. Davidson is almost

the same as our Proposition 7. The authors thank the referee for his comments.
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